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Abstract 

In this paper, we will give a thorough study of the notion of Property (T) for C*- 
algebras (as introduced by M.B. Bekka in [5]) as well as a slight stronger version of it, 
called "strong property (T)" (which is also an analogue of the corresponding concept in the 
case of discrete groups and type Ili-factors). More precisely, we will give some interesting 
equivalent formulations as well as some permanence properties for both property (T) and 
strong property (T). We will also relate them to certain (T)-type properties of the unitary 
group of the underlying C* -algebra. 
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1 Introduction 

Property (T) for locally compact groups was first defined by D. Kazhdan in [TT] and was later 
extended to Hausdorff topological groups. In [12], Property (T) for a pair of groups H C G 
was introduced. This notion was proved to be very useful and was studied by many people (see 
e.g. 0, 0], [8], [TO], [DJ, m and [TO]). 

In [6], A. Connes introduced the notion of property (T) for type Ili-factors and this notion 
was then extended to von Neumann algebras in [7] . A discrete group G has property (T) if and 
only if the von Neumann algebra generated by the left regular representation of G has property 
(T) (this was first proved in [7J for ICC groups and was generalized by P. Jolissaint in [9] to 
general discrete groups). The notion of property (T) for a pair of von Neumann algebras was 
defined by S. Popa in [TO]. This notion was also proved to be very useful in the study of von 
Neumann algebras. 

Recently, M.B. Bekka introduced in [3] the interesting notion of property (T) for a pair 
consisting of a unital C*-algebra and a unital C*-subalgebra. He showed that a countable 
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discrete group G has property (T) if and only if its full (or equivalently reduced) group C*- 
algebra has property (T). In [5], N.P. Brown did a study of property (T) for C*-algebras and 
showed that a nuclear unital C* -algebra A has property (T) if and only if A = B ® C where B 
is finite dimensional and C admits no tracial state. 

The aim of this paper is to give a thorough study of property (T) as well as a slightly 
stronger version called strong property (T) for unital C*-algebras. On our way, we will show 
that our stronger version is equally good (if not a better) candidate for the notion of property 
(T) for a pair of unital C*-algebras. 

The paper is organised as follows. In Section 2, we will give two simple and useful reformu- 
lations of both property (T) and strong property (T). In section 3, we consider two Kazhdan 
constants t£ and t™ for a C*-algebra A which are the analogous of the Kazhdan constant for 
locally compact groups (see pS]). We will show that A has property (T) (respectively, strong 
property (T)) if and only if > (respectively, t£ > 0). Through them, we obtain some 
interesting reformulations of property (T) and strong property (T). In particular, we show that 
one can check property (T) by looking at just one bimodule. We will also show that one can 
express the gap between property (T) and strong property (T) by another Kazhdan constant 
t A 

In section 4, we obtain some permanence properties for property (T) and strong property 
(T), including quotients, direct sums, tensor products and crossed products. In section 5, we 
will show that finite dimensional C*-algebras have strong property (T). Moreover, we show that 
a corresponding result of Bekka concerning relation between property (T) of discrete groups 
and their group C* -algebras as well as a corresponding result of Brown concerning amenable 
property (T) C*-algebras also holds for strong property (T). In Section 6, we study the relation 
between property (T) (as well as strong property (T)) of a unital C*-algebra A and certain (T)- 
type properties of the unitary group of A. 

Let us first set the following notations that will be used throughout the whole paper. 

Notation 1.1 (1) A is a unital C* -algebra and B C A is a C* -subalgebra containing the 
identity of A. Set A Dou := A ® max A op (where A°p is the "opposite C* -algebra" with a op b op = 
(ba) op ). 

(2) 3(E) is the set of all non-empty finite subsets of a set E and G\(X) is the unit sphere of 
a normed space X. 

(3) U(A) and S(A) are respectively the unitary group and the state space of A. 

(4) Bimod*(yl) is the collection of unitary equivalence classes of unital Hilbert bimodules over 
A (or equivalently, non- degenerate representations of A Dou ). For any H G Bimod*( J 4), let 

H B := {£ G H : b ■ £ = £ • b for all b £ B} 

and P§ : H — > H B be the orthogonal projection. Elements in H B are called central vectors for 
B. Moreover, for any (Q,/3) G $(A) x R + , set 

V H {Q,(3) := {£ G &i{H) : \\x - £ — £ - x\\ < @ for all x G Q}. 
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Elements in Vh(Q,(3) are called (Q, /3)-central unit vectors. On the other hand, a net of vectors 
(Ci)iei *n * s called an almost central unit vector for A if \\a ■ £j — £j • a\\ — > for any 

a £ A. 

(5) For any topological group G, we denote by Rep(G) the collection of all unitary equivalence 
classes of continuous unitary representations ofG. If(ir,H) £ Rep(G), we let 

H G := {£ £ H : vr(s)£ = f for all seG) 

and Pfl : -fT — > 6e i/ie orthogonal projection. Furthermore, if F € ?(G) and e > 0, we set 

^(F, e) = {£ e ©i(F) : ||vr(t)e - £|| < e for all f £ F}. 

fffj For any (fi, H), (v, K) £ Rep(G), we write (fi,H) < (v,K) if (fi,H) is a subrepresentation 
of(u,K). ' 

2 Definitions and basic properties 

Let us first recall Bekka's notion of property (T) in [3]. The pair (A, B) is said to have property 
(T) if there exist F £ $(A) and e > such that for any H £ Bimod*^), if V H (F, e) ^ 0, then 
H B / (0). In this case, (F, e) is called a Kazhdan pair for (A, 5). Moreover, ^4 is said to have 
property (T) if the pair (A, A) has property (T). 

Note that Bekka's definition comes from the original definition of property (T) for groups 
(see e.g. [1Q|. Definition 1.1(1)]). We will now give a slightly stronger version which comes 
from an equivalent form of property (T) for groups (see \10\ Theorem 1.2(b2)]). Note that the 
corresponding stronger version of property (T) for type Ili-factor is also equivalent to property 
(T) (see e.g. [7J Proposition 1]) but we do not know if it is the case for C*-algebras. 

Definition 2.1 The pair (A,B) is said to have strong property (T) if for any a > 0, there 
exist Q £ $(A) and (5 > such that for any H £ Bimod*(^4) and any £ £ Vh(Q,/3), we have 
||£ — fjf(£)|| < ol. In this case, (Q,@) is called a strong Kazhdan pair for (A,B,a). We say 
that A has strong property (T) if (A, A) has such property. 

It is clear that if A has property (T) (respectively, strong property (T)) then so has the pair 
(A,B). Moreover, by taking a < 1/2, we see that strong property (T) implies property (T). 
We will see later that strong property (T) is an equally good (if not a better) candidate for the 
notion of property (T) for a pair of C* -algebras. 

Let us now give the following simple reformulation of property (T) and strong property (T) 
which will be useful in Section 6. 

Lemma 2.2 For any (Q,f3) £ $(A) x E + , there exists (Q',/3') £ $(U(A)) x M+ such that 
Vh{Q',(3') ^ Vh{Q,P) for any H £ Bimod*(^4). Consequently, one can replace $(A) by 
3(U(A)) in the definitions of both property (T) and strong property (T). 
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Proof: This lemma is clear if Q = {0}. Let Q\{0} = {x±, x n } and M = max{||xi ||, ||x n ||}. 
For each A; G {l,...,n}, consider Uk , Vk G U(A) such that 2x& = \\xk\\({uk+u* k )+i{vk+v* k )). If we 
take Q' to be the set {u±, u*, t>i, v*, u n , u* , v n , v*} and /?' = ^7, then V H (Q',P') C V H (Q,(3) 
for any # G Bimod*(A). □ 

Before we give a second simple reformulation, we need to set some notations. Let S'(-D) and 
St(D) be respectively the sets of all states and the set of all tracial states on a C*-algebra D. 
For any r G S'(D) and any cardinal a, we denote by M T the GNS construction for r and by 
M Ta the a-times direct sum, Q M T , of M T (we use the convention that O M T = {0}). 

Definition 2.3 Xei 

IK : = M T and X := M T . 

re5(A D °«) re5t(A) 

VFe called "K and X the universal and the standard bimodules ( over A ) respectively. Moreover, 
a bimodule of the form @ Te s t (A) ^r,a T is called a quasi-standard bimodule. 

Proposition 2.4 (a) (A,B) has property (T) if and only if for any H G Bimod*(^4), the 
existence of an almost central unit vector for A in H will imply that H B / {0}. 

(b) The following statement are equivalent. 

(i) (A,B) has strong property (T). 

(ii) For any almost central unit vector for A in any bimodule H G Bimod*(A) ; we have 

||&--p#(&)IHo. 

(hi) For any almost central unit vector (^j)ig/ for A in'K and any n£N, there exists i n G / 
with \\t; in - P*((; in )\\ < 1/n. 

Proof: (a) This part is well known. 

(b) It is clear that (i)=>(ii) and (ii)=^(iii). To obtain (iii)=>(i), we suppose, on the contrary, 
that (A, B) does not have strong property (T). Then one can find ao > such that for 
any i = (Q,/3) G / := $(A) x R+, there exist Hi G Bimod*(,4) and & G V Hi (Q,/3) with 
Mi ~ PhM^W ^ «o- If ^ = A-Zi-A, then H t = Ki K± and H? = Kf {K^) B . As 
^i £ Ki, we have 

116-^(6)11 = 116-^,(6)11 > «o- 

We set X := {Ki : i G /} C Bimod*( J 4) and A"o := (Bk^xK- Since all bimodules in X are 
cyclic (as representations of A Dou ) and any two elements in X are inequivalent, Kq is a Hilbert 
sub-bimodule of "K. Moreover, each Ki is equivalent to a unique element in X and this gives 
a canonical Hilbert bimodule embedding ^ \ : Ki — ► Kq. It is easy to check that (&i(£i))iei is 
an almost central unit vector for A in % with - P^(^(^))|| = ||& - P^.(Ci)ll > a for 
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every i G I (since ^i(Ki) is a direct summand of IK). This contradicts Statement (iii). □ 

Since Proposition ^. 4l is so fundamental to our discussions, we may use it without mentioning 
it explicitly throughout the whole paper. 

Remark 2.5 (a) Note that if A is separable, then in the above proposition, one can replace 
almost central unit vector by a sequence of unit vectors that is "almost central" for A. 

(b) In Proposition \2.$ b ) ( iii ), we only need to check one bimodule (namely, the universal one) 
in order to verify strong property (T) . 

(c) One may wonder if it is possible to check whether a C* -algebra has property (T) by looking 
at its universal bimodule alone. However, this cannot be done using the original formulation of 
property (T) because there exists a unital C* -algebra A which does not have property (T) but 
"K A 7^ (0) (i.e. A has a tracial state). Nevertheless, we will show in Theorem \3.J\ below that it 
is possible to do so using an equivalent formulation of property (T) . 



3 Kazhdan constants 

In this section, we will define and study some Kazhdan constants in the case when B = A. Let 
us start with the following lemma. 

Lemma 3.1 Let H G Bimod*(A). // Hq is the sub-bimodule generated by H (called the 
centrally generated part oiH), then Hq is a quasi- standard bimodule (Definition \2.3\) and Hq 
contains no non-zero central vector for A. 

Proof: Without loss of generality, we may assume that C := &i{H A ) is non-empty. Let 
S : = {A~l : £ G C} and 

971 := {M C 8 : K±L for any K, L G M}. 

By the Zorn's lemma, there exists a maximal element Mo in 9Jt and we put Hi := (B^Mq K- 
Then clearly H\ C Hq and H^ contains no non-zero central vector for A. Together with the 
fact H A = H^ © (H 1 -^, this shows that H A = H^ C Hi and hence Hi = H e . Finally, for any 
A ■ £ G Mo with £ G C, the functional defined by r(a) := (a£,£) (a G ^4) is a tracial state and 
A ■ £ = M T . This completes the proof. □ 

Suppose that H G Bimod*(^4) and K is a Hilbert subspace of H. For any Q G 3(A), we set 

\ 1/2 

t A {Q; H, K) := inf { [ ^ \\ x ' Z ~ Z ' x f I : £ G &i(H Q K) 
(we use the convention that the infimum over the empty set is +oo). 



5 



Lemma 3.2 Let Q G 'S(A), H G Bimod*(^4) and K be a Hilbert subspace of H. Suppose that 
H = AeA H x such that K = AeA K x where K x := H x n K. 

(a) If ax is a cardinal for any A G A, and if we set Hq := © AeA (®«a anc ^ ^° := 
0A G A (Sa/A), then 

t A (Q;H,K) 2 \\(\\ 2 < Y,\\x-C-C-x\\ 2 ((£H eK ). (3.1) 
xeQ 

(b) t A (Q; H, K) = inf AeA t A (Q; H x , K x ). 

(c) (t A (Q; H, K))q £ £( A ^ is an increasing net and lirngg^^ t A (Q; H, K) = if and only if there 
exists an almost central unit vector for A in H Q K . In this case, one can choose an almost 
central unit vector (Ci)ie/ for A such that for any i G I, there exists Aj G A imi/i £j G i? Ai -?T Ai . 

Proof: (a) For any ( G 6i(# eK ), we have ( = (Ci,\)\eA;iea x with Ci,A G H x QKx^HqK 
and £ A6A £ i6Q . II0,a|| 2 = 1. Thus, 



Ci,A Ci,A 



lie 



lie 



i, A I 



Elk-c-c-xii 2 . 

xeQ 



(b) Note that t A (Q; H, K) < t A (Q;H x ,K x ) for all A G A (as H A K x Q H Q K). For any 
e > 0, there exists £ G &i(H Q K) such that £ xeg ||x ■ £ - £ ■ ^|| 2 < t A (Q; H, K) + e. Now, 
£ = (Ca)agA with £ A G O ^A and £ AeA ll£\|| 2 = 1. A similar argument as part (a) implies 
that there exists Ao G A such that 

2 



X ■ 



£a £a 



lie 



Ao I 



lie 



• X 



Ao I 



< t A (Q;H,K)+e. 



(c) It is clear that (t j4 (Q; i?, is increasing and that t A (Q; H, K) = for any Q G S^-A) 

if there exists an almost central unit vector for A in H Q K. Now, suppose that 



sup inf t A (Q;Hx,K x ) 

QG5(A) AgA 



lim t A (Q;H,K) = 0. 

QeS(A) 



Then for any Q G 3(A) and e > 0, there exists Aq i€ G A and £q )6 G &i(Hx q e QKx Q J such that 



Sxgq 11^ ' £Q,e £q,' 
unit vector for A. 



x\\ 



< e 2 . It is easy to see that {£Q,e)(Q, e )e$(A)> 



is an almost central 
□ 



Now, we define three Kazhdan constants: for any Q G 3(A), set 

tu(Q) ■= t A (Q;M,H A ), t A (Q) := t A {Q;Ji,'K e ) : t A {Q) := t A (Q;X,X A ) 
(where "K and % are the universal bimodule and the standard bimodule respectively) and 



t A := sup t A (Q), t 



sup t c (Q) as well as t J s 

Qe5(A) 



sup t A (Q). 

QG5(A) 
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Lemma 3.3 (a) For any H G Bimod*(A), we have t A (Q) < t A (Q;H,H A ) and t A (Q) < 
t A (Q; H, Hq). If, in addition, H is quasi- standard, then t A {Q) < t A (Q; H, H A ). 

(b) t A (Q) < mm{t A (Q),tf(Q)}. 

Proof: (a) There are cardinals a T (r G S(A Dou )) such that H = @ T £S(A Dou ) Ma T ,r- For any 
£ G &i(H Q H A ), we have £ = (£r) where £ T G M ar>T Q M A tT . By Inequality (pTTj) . we have 

and so 

TeS(A D ™)x£Q x£Q 

(as Er65(^°«) ll^ll 2 = ||£|| 2 = 1). Thus, we have t A (Q) < t A (Q; H, H A ). The arguments for 
the other two inequalities are similar. 

(b) t A (Q) < t A (Q) because % A C % e and t A {Q) < t A (Q) because of part (a). □ 



Theorem 3.4 (a) The following statements are equivalent. 

i. t A > 0. 

ii. A has strong property (T). 

hi. There exists (Q,S) G 3(A) x M + such that for any £ G V^c(Q,5), we have P^{0 / 0. 

(b) The following statements are equivalent. 

i. tf > 0. 

ii. For any e > 0, there exists (Q,S) G $(A) x R + such that for any quasi-standard bimodule 
H and any £ G V H (Q,5), we have ||£ - < e - 

hi. There exists (Q,S) G 5(A) x M + suc/i i/ia£ /or any £ G V;x;(Q,<5), we have P-^iO 0- 
(cj The following statements are equivalent. 

i. # > 0. 

ii. A has property (T). 

hi. T/iere is (Q,S) G 5(A) x R + such that V H (Q,6) n Hq = /or any i? G Bimod*(A). 
iv. T/iere exists (Q,5) G 5(A) x R + such that V^(Q,5) f] 5C£ = 0. 

(d) t A > if and only if both t A > and if > 0. 
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Proof: (a) (i)=>(ii). There exists Q G 3(A) with t A (Q) > 0. Let m be the number of 
elements in Q and 6 = - M ^^~- For any H G Bimod*(^4) and r G S^A^* "), there is a cardinal 
a r such that H = ©^s^dou) Afa T ,r (« r can be zero). Pick any £ G Vff(Q,<5) and consider 
£" = £ - G Since e = (Cr) reS( A) where ( T G (Af£ T )-L, we have, by Inequality 

(133]), 

ne"n 2 < ^(Qr 2 £ii*-e"-e"-*n 2 = tfwr a Eii*-e-*-*ii a < e2 - 

(ii)=^(iii). By taking e = 1/2, we see that Statement (hi) holds. 

(hi)=^(i). Suppose on the contrary that t A (Q) = 0. Then there exists £ G &i(('K A )- L ) with 
^xeQ H x ' £ ~~ £ ' X H 2 ^ Hence, £ G V^(<5,5) and so -P^(£) 7^ which contradicts the fact 
that £ G (^{ A ) ± . 

(b) The proof of this part is essentially the same as that of part (a) with !H and t A being 
replaced by % and tf respectively. 

(c) (i)=^(ii). Let Q G $(A) such that t A (Q) > 0. Suppose that A does not have property 
(T). There exists H G Bimod*(^4) that contains an almost central unit vector (£j) for A but 
F A = {0}. Hence, Hq = H, and 



t A (Q; H, Hq) = inf < 




1/2 

|2 



x\\ z :£G 61(H) V = 0. 



Now Lemma EOT a) gives the contradiction that t A (Q) = 0. 

(ii) =>(i). Suppose on the contrary that t A (Q) = for any Q G $(A). There exists, by Lemma 
I3.2[ c). an almost central unit vector for A in 3fg which contradicts the fact that A has property 
(T) (because of Lemma l3~T]) . 

(i)=^(iii). Let Q G 3(A) such that t A (Q) > and < 5 < tc where m is the number of 
elements in Q. By Lemma 13.3( a). we have t A (Q) < t A {Q;H,H e ). Thus, 

E Ik-C-C-^ll 2 > t A (Q) > m5 2 

for any £ G &i(Hq). Suppose that there exists £ G Vh{Q, 5) n Hg. Then m5 2 < Sx-eQ H x ' £ ~~ 
£ • x|| 2 < m5 2 which is absurd. 

(iii) =r-(iv). This is obvious. 

(iv) =^(i). Suppose on the contrary that t A (Q) = 0. Then there exists £ G 6i(IKg) with 
Sx-eQ ll x ' £ — £ ' x \\ 2 < ^ 2 which gives the contradiction that £ G Vx(Q, S) D IKg . 

(d) If ^ > 0, then t A > and t A > (by Lemma ET3T b)). Conversely, suppose that t A = 0. 
Then by Lemma 13.2( c). there exists an almost central unit vector (£i)igj for A in 



8 



Let rji G 'KQ'Kq and Q G 'KqQ'H a be the corresponding components of £j. Then either rji 
or £j ^> 0. Therefore, by rescaling, there exists an almost central unit vector for A in either 
•K e or "K e Q Jf A = Ji e Q "K A . In the first case, we have t A = (by Lemma [32(c)). In the 
second case, we have i A < sup^g^) t A (<3; ) = ^ (by Lemma [3.3f a). Lemma [3.11 and 

Lemma 13.2( c)). □ 

Part (a) of the above theorem tells us that in order to show that A has strong property 
(T), it suffices to verify a weaker condition than that of Definition 12.11 for just the universal 
bimodule J{. 

Remark 3.5 (a) The argument of Theorem together with Lemma \3.3\( a). tell us that 
for any Q G 3(A), 5 > and H G Bimod*(A), if £ G V H (Q,6), then 

^(Q)U-Ph(0\\ < s^M 

(where m is the number of elements in Q). 

(b) The argument of Theorem \3.4][ c), together with Lemma Iff.ffl q). tell us that if t A (Q) > 0, 
for any Q G 5(A), H G Bimod*(4) and 5 G (0, t -^j= L ), we have V H (Q, 5) n = 0. 

(c) The gap between property (T) and strong property (T) is represented by the gap between t A 
and t A or equivalently between "K A and !Kq. Note that in the case of a locally compact group 
G, such a gap does not exist because the set of G-invariant vectors defines a subrepresentation. 

By Theorem 13.41 and Lemma 13.2( c) , we have the following corollary. 

Corollary 3.6 (a) A has property (T) (respectively, strong property (T)) if and only if there 

is no almost central unit vector for A in "Kq (respectively, in (^K A )~ L ). 

(b) A has strong property (T) if and only if A has property (T) and t A > 0. 

Note that one can also obtain part (b) of the above corollary by using a similar argument 
as that of [3 Proposition 1]. 

4 Some permanence properties 

In this section, we study the permanence properties for property (T) and strong property (T). 
First of all, we have the following lemma which implies that the quotient of any pair having 
property (T) (respectively, strong property (T)) will have the same property. Since the proof 
is direct, we will omit it. 

Lemma 4.1 Let A\ and A% be two unital C* -algebras and let B\ C A\ and Bi C A\ be C* - 
subalgebras containing the identities of A\ and Ai respectively. Suppose that ip : A\ — > A2 is 
a unital *-homomorphism such that B2 Q ip{Bi). If (A\,Bi) has property (T) (respectively, 
strong property (T)), then so does (^2,^2). 



9 



Lemma 4.2 Let A\, A2, B\ and B2 be the same as Lemma \4-1\ If both (A\,Bi) and (^2) -62) 
have property (T) (respectively, strong property (T) ), then so does (A\ © A2, B\ © B2). 

Proof: The statement for property (T) is well known and we will only show the case for 
strong property (T). Suppose that H G Bimod*(j4i © A2) and e = (1^,0) G A\ © A2. Then 
H = ®1 i=i Hki where H^i is a non-degenerate Hilbert yl fe -Aj-bimodule. Suppose that 
is an almost central unit vector in H for yli © A2 and £j = l=l £f l where G H^. Then 



leflf+llefll 2 



|e • & - & 



0. 



if lie 



22 



0, then we can assume that ||£p|| > 1/2 (i G J), and 



\Zi Viei 



is an almost 



central unit vector for A\ in Hu. In this case, for any e > 0, there is io G / such that 
C U - 4 (£f ) < 5 (» > *o), which implies that 



e, 



r>Bi®B 2 
H 



< 



11- 



+ e 



12 



+ lle 21 ll 2 + lle 22 ll 2 



< e 



when j is large enough. The same conclusion holds if £, 



11 



0. We consider now the case 



when I If, 11 1 1 and £, 22 ->*> 0. There exist a constant k > as well as subnets (f, 11 ), T and 



(^ 2 ; 2 ) fn such that 1 1 £^11 , ||£| 2 || — K f° r ey ery k G Ji and / G J2. One can show easily that 



and 



11 / zeJ 2 



are almost central unit vectors for and A2 in Hu and #22 



respectively. Thus, for any e > 0, one can find io G I such that 

le 11 " 



^d|i4 2 ir+nci 



(e 



111 

'0 I 



< 



^0 



22 



pS 2 / f 22\ 



< 



£221 
s *0 I 



2 < ^ 



Consequently, 



lie 



'0 



D B!®B 2 i 



(eio)ll < V lie^ 1 - ^^(e^ 1 )!! 2 + ll^ 2 2 - ^^(e^ 1 )!! 2 + HCi.fll 2 + lie^ll 2 < e - 



In any case, (A\ © A2,B\ © B2) has strong property (T) because of Proposition I2.4f b) (hi) . □ 

Our next task is to consider tensor products and crossed products. Let us first recall the 
following useful terminology of co-rigidity from [3, Remark 19]. We will also introduce a stronger 
version of co-rigidity corresponding to strong property (T). 



Definition 4.3 The pair {A, B) is said to be 

(a) co-rigid if there exists (Q, (3) G 3{A) xR + such that for any H G Bimod*(A) with Vh(Q, 0)n 
H B / 0, we have H A ^ {0}. 

(b) strongly co-rigid if for any 7 > 0, there exists (Q,S) G 3(A) x M + such that for any 
H G Bimod*(>4) and any £ G V H (Q,6~) n H B , we have ||f - P^iOH < 7- 
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The idea of the following result comes from [TJ 2.3]. 



Proposition 4.4 Suppose that B has strong property (T). 

(a) A has property (T) if and only if (A,B) is co-rigid. 

(b) A has strong property (T) if and only if (A, B) is strongly co-rigid. 

Proof: (a) The sufficiency is clear and we will only show the necessity. Let (Q,r) G 3(A) x R + 
be the pair satisfying the condition in Definition 14.3( a). Suppose that (F,s) G 3(B) x M + is 
the strong Kazhdan's pair for (B,B,a) where a = minjg^j, ^} and M = max{||a|| : a G Q}. 
Put E = Q U F and t = mm{j,s}. Assume that H G Bimod*(A) with £ G V H (E,t). As 



£ G V H (F,s), one has U - Pf (Oil < « and \\P§ (0|| > ±. If 77 = rr^riur , then we have, for 
any a £ Q 



a-Z-t-a +2 a \\M-P§ r o 

a -n -r? -a < — ' ' ', " 2_^_LL < 2f + -J-l < r. 

11 ' ' 11 - K(0|| 2M ~ 

Thus, 77 G V H (Q, r) n # B and H A ^ {0}. 

(b) Again, we only need to show the necessity. For any e > 0, let (Q, r) G 3(A) x M + be the 
pair satisfying Definition 14.3( b) for 7 = f • Take a strong Kazhdan's pair (F,s) G 3(B) x M + 
for (B,B,a) where a = min{g^y, |, |} and M = max{||a|| : a G Q}. If -E 1 and i are as in the 

argument of part (a), then for any £ G Vh(E, t), we have 77 = n p b,J, \\ G Vfl"((3> r ) H H which 

II H^ll 

implies that 

||^(0-^(0|| < < I 



(note that H A C # B ). Since ||£ — Pjf (0|| < § a s well, we see that (E, t) G 3(A) x M + is a 
strong Kazhdan's pair for (A,B,e). □ 



We do not know whether B having property (T) and (A, B) being co-rigid will imply that 
A has property (T). If it is the case, then the statement in Theorem 14.5( a) below concerning 
property (T) can be improved and a similar statement as Theorem 14.61 below for property (T) 
will also hold. 

The first application of the above proposition is the following theorem. Notice that unlike 
the case of type Ili-factors (see [TJ 2.5]), the fact that B® max D having property (T) (or strong 
property (T)) will not imply both B and D to have property (T) (respectively, strong property 
(T)), but at least one of them have property (T) (respectively, strong property (T)). 

Theorem 4.5 Let B and D be two unital C* -algebras, A = B ® ma x D and Aq = B <8imin 

D. 

(a) If B has strong property (T) and D has property (T) (respectively, strong property (T)), 
then A has property (T) (respectively, strong property (T)). 

(b) If there is no almost central unit vector for D in any K G Bimod*(L>), then A has strong 
property (T). 
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(c) Suppose that there exists an almost central unit vector (rjj)j£j forD in some K G Bimod*(.D). 
If Aq has property (T) (respectively, strong property (T)), then so does B. 

(d) If Aq has property (T) (respectively, strong property (T) ), then either B or D has property 
(T) (respectively, strong property (T)). 

Proof: (a) We show the statement for strong property (T) first. Suppose that a > and 
(F,r) G 3(D) x R + is the strong Kazhdan's pair for (D, D, a). Let Q := 1 <g> F G 3(A) and 
H G Bimod*(^4). If H B ^ {0}, then H B G Bimod*(Z?) under the canonical multiplications. 
For any £ G V H (Q, r) n H B = V h b (F, r), we have 

||f-J^(OII < 1^-^(011 < 7 

(note that (H B ) D = H A ). Thus, (A,B) is strongly co-rigid and we can apply Proposition 
14.4( b). The proof for the case of property (T) is similar. 

(b) In this case, there is no almost central unit vector for A in any H G Bimod*(^4) and we can 
apply Proposition 12.41 

(c) We will establish the statement for strong property (T) and the statement for property (T) 
is similar (and easier). Suppose H G Bimod*(-B) and there exists an almost central unit vector 
(£i)ie/ for B in H. Then (£j (g) Vj)(i,j)eixJ * s an almost central unit vector for Aq in H ® K. 
For any e > 0, there exists, by Proposition 12.4( b) (ii) , (io,jo) G I x J such that 



< e. 



Let C = Ph%>k^o ® %>) G ® K ) A ° and V G be defined by <p(rf) = (v',Vjo)- For an y 
6 G -B and any ^ G H, we have 

(6- (id ®¥>)(CU) = ((^1)-C,e®^ ) = (C-(6®l),e®»/io> = (( id ® (0-6,0 ■ 
Therefore, (id (g> </?)(£) G and 

||e<o-(id® V )(C)|| = || (id ® V?) (e<o ® »7jo - ^ff®Jc(6o ® II < e - 
This shows that B has strong property (T) (by Proposition I2.4( b)(iii)). 

(d) If there is no almost central unit vector for D in any K G Bimod*(D), then D has strong 
property (T) (by definition). Otherwise, we can apply part (b). □ 



Next, we will consider crossed product of C*-algebras by actions of discrete groups. The 
idea of which comes from [H 4.6]. Again, unlike the case of type Ili-factors, even if B x a T has 
strong property (T), this will not imply that T has property (T) (notice that if a is trivial and 
any element in Bimod*(I?) does not contain an almost central unit vector, then B x a T will 
have strong property (T) whether or not T have property (T)). 

Theorem 4.6 let B be a unital C* -algebra with an action a by a discrete group T and A = 
B x a T. IfT has property (T), then (A,B) is strongly co-rigid. Consequently if B has strong 
property (T) and T has property (T), then A has strong property (T) (and so does B x ar T). 
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Proof: As T has property (T), for any e > 0, there exists (F, 5) G 5(r) x W + such that for any 
(K,tt) G Rep(r) and any 77 G ^(Ftf), one has ||»7 - P£fa)|| < e (by [13 Theorem 1.2(b2)]). 
Let /i : B — > A and it : T — ► A be the canonical maps. For any H G Bimod*(A), we define 
a representation 7r : F — » £j(H b ) by 7r(t)£ = ut ■ C ' u t ^ I\£ G if B ) which is well defined 
because for any b £ B, 

//(&)• 7r(i)£ = utn(a t -i (&)) • £ • < = u t ■ £ ■ n{a t -i{b))v* t = 7r(i)£ • /i(6). 

Moreover, it is easy to check that (# B ) r = # A . Thus, if 77 G Vh-(u(F),£) n H B = V n (F,6), 
then ||?7 — Fj|(r/)|| = 1 1 77 — f£b(??)|| < £• This shows that (A, £?) is strongly co-rigid. The last 
statement follows from Proposition 14.4( b) . □ 



5 Some examples of strong property (T) 

Our first example is finite dimensional C*-algebras. It is easy to see that any element in 
Bimod*(M n (C)) has a non-zero central vector and so M n (C) has property (T). In fact, M n (C) 
also has strong property (T) but a bit more argument is needed to establish this fact. 

Example 5.1 A = M n (C) has a unique tracial state r and hence % = M T . If tf = 0, there 
exists an almost central unit vector in (M^) 1 - for A (by Lemma 1 3. 2( c)) ■ As 6\((M A )^-) is 
compact, this implies the existence of a central unit vector rj for A in (M^) 1 - but such r\ G M n (C) 
should be an element of CI = M A which is absurd. Now by Corollary \3.6\ fb) and Lemma \4-2\ 
we see that any finite dimensional C* -algebra has strong property (T). 

By the argument of [21 Remark 17] , we know that if A does not have tracial states, then there 
is no almost central unit vector for A in any H G Bimod*(^4). This, together with Proposition 
I2.4f b). give the following result (cf. [31 Remark 17]). 

Proposition 5.2 If A has no tracial states, then A has strong property (T). 

If H is any Hilbert space, &(H) has strong property (T) (because of Example 15.11 and 
Proposition I5.2|) and so if B C £j(H) is any unital C*-subalgebra, then (£j(H),B) has strong 
property (T). On the other hand, Proposition 15.21 together with Example 15. 11 Lemma 14.21 and 
[5j 5.1], imply the following result. 

Proposition 5.3 Suppose that A is separable and amenable. Then A has strong property (T) 
if and only if A = B © C where B is finite dimensional and C has no tracial states. 

We end this section with the following analogue of [3j Theorem 7]. 
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Proposition 5.4 Let V be a countable discrete group and A be a subgroup ofT. The following 
statements are equivalent. 

(i) . (r, A) has property (T). 

(ii) . (C*(r),C*(A)) has strong property (T). 
(Hi). (C*(r),C*(A)) has property (T). 

(iv) . (C*(r),C*(A)) /ias strong property (T). 

(v) . (C*(T),C*(A)) has property (T). 

Proof: It is clear that (ii)=^(iii)=^(v) and (ii)=>(iv)=^(v) (by Lemma l4,ip . The implication 
(v)=^(i) was proved in [3]. It remains to show that (i)=^(ii). As (I\A) has property (T), 
for any a > 0, there exists (Q,(3) G ?(r) X such that for any unitary representation 
7T : r -» L(K) and any £ G K(Q,/5), one has ||£ - < " (by \M Theorem 1.2(b2)]). 

Consider T C C*(r). For any H G Bimod*(C*(r)), one can define a unitary representation 
7Tff • r — > £(#) by 7Tff(t)»7 = t ■ 7] ■ t~ 1 ij] G If £ € V B (Q,P) C K(Q,/3), we have 

£ - Pj* {A) (0 = ||e - -P^ <« as required. □ 



6 Property (T) for the unitary group of a C*-algebra 

It was shown in [2] that a unital C*-algebra is amenable if and only if its unitary group under 
the weak topology is amenable. Motivated by this result as well as by Lemma 12.21 we study in 
this section, the relation between property (T) and strong property (T) of a unital C*-algebra 
A and certain (T)-type properties of its unitary group. 

Remark 6.1 We denote by $a : U(A) -> U(A Dou ) the group homomorphism mhu® (k*)° p . 
Note that any K G Bimod*(j4) defines a non- degenerate * -representation hk of A Dou and 
= UK ° is a unitary representation ofU(A). 

The proof of the following result is more or less the same as the argument for the equivalence 
of (b2) and (b3) in [TO]. 

Proposition 6.2 (a) (A,B) has property (T) if and only if for any K G Bimod*(^4), the weak 
containment of the trivial representation ^u(A) °f U(A) in the unitary representation tvk will 
imply that ttk\u(b) contains the trivial representation ^u(B) ofU(B). 

(b)(A,B) has strong property (T) if and only if for any net in S(A Dou ) with (fiO$A)iei 

converges pointwisely to ljj(A); one has (/iO$^ | um))iel converges uniformly to ^u(B) on U(B). 

Proof: (a) Note that for any K G Bimod*(^4) and any £ G &\(K), we have 

\\ t .£-£.t\\ 2 = 2-2Re(7rjr(t)f,0 (t G U(A)). 
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Now, this follows almost directly from Proposition 12.4( a). 

(b) =>). If (Hi, fn, £j) is the GNS representation of fi, then Hi G Bimod*(A). For any e > 0, 
let (Q, /3) G #(<7(A)) xR + bea strong Kazhdan's pair for (A, 5, e/2) (see LemmaE2J). By the 
assumption of (/j), there exists io £ I such that for any i > zq, we have sup ug n |/,($a(w)) — 1| < 
f3 2 /2. Thus, 

= IIM^(n*)° P )&-&ll = V / 2Re(l - < /3 

for any u G Q and so £ G V Ht (Q,j3). Therefore, ||& - Pf.(&)|| < e/2 and for any v G [7(5), 

|/<(M«)) - 1| = \(v^i-v*-^,^\ < Wv^-v* -v-Pgi^-v^l + WP^-tiW < e. 

<=). Suppose on the contrary that (A, B) does not have strong property (T). Let I := $(U(A)) x 
R+. There exists ao > such that for any i = (F, e) G 7, one can find Hi G Bimod*(A) and 
& ^ VffiC^e) with — P^. (£j)|| > ao- For every such Hi, let 717^ be as in Remark 16.11 By 
[TU1 2.2], we see that there exists v% G J7(7?) such that 

IKfli(vi)&-&|| > ao (6.1) 

(note that TZ^ 8 = 77- ). On the other hand, for any i G 7, we define /j G S^A 130 ") by 

f l (a®b op ) = (a-t l -b,Z l ) (a,beA). 

For any i = (Q,/3) G 7, we have & G Vh^QiP) and thus, 

sup 11^(14)^ - &|| < /3- 

This shows that fiO$A converges pointwisely to ^u(A) ■ Therefore, by the hypothesis, /, o | u, B s 
converges uniformly to ^u(B) 011 U(B) which contradicts with (|6.ip (since it implies that 
Re(l - <Pi(vi)) > al/2 for any i G 7). □ 

We will show in the following that A has property (T) (respectively, strong property (T)) 
if and only if U(A) has some (T)-type property. Note that the argument of (Hi) =>■ (i) in part 
(b) of the following result is adapted from that of Proposition 16 of Chapter 1 of [8]. 

Theorem 6.3 Let SS (17(A)) := {(fi,H) G Rep(£/(A)) : (fi,H) < (tt k ,K) for some K G 
Bimod*(A)} (for Rep(f/(A)) ; we regard U(A) as a discrete group). 

(a) A has property (T) if and only if there exists (F,e) G $(U(A)) x M + such that for any 
K G Bimod*(A) with V 7TK (F, e) ^ 0, we have K u ^ / {0}. 

(b) The following statements are equivalent. 

i. A has strong property (T) 

ii. There exists (F, e) G ^(A)) x R + such that for any (fi, H) G SB ((7(A)) and £ G V^(F, e), 
we have P^HO / 0. 
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iii. There exists (F,e) G $(U (A))xR + such that for any (ji, H) G §3(17 (A)) withV^(F,e) / 0, 
we have H u ^ / {0}. 

Proof: (a) This follows from Lemma 12.21 

(b) (i) =>■ (ii). Let (F, e) G xM+ be a strong Kazhdan's pair for (A, A, 1/2) (see Lemma 

E2D. Suppose that (/i,fT) G SB(C/(A)) and if G Bimod*(^) such that (//,#) < (ir K ,K). If 
eeV^eJCVic^eJ.tlien 

||e-p^(e)|| < i/2. 

As K = H @ and both i? and -ff -1- are invariant under 7TR-, we have K A = K U W = 
H U(A) (jy-L)ff(A)_ As £ G -ff, we know that P^i A) (£) = and (0 = P£(€) + 0. 

(ii) (iii). This implication is clear. 

(iii) (i). Let (F,e) be the pair satisfying the hypothesis. For any 2 > a > 0, we take 
/3 := f . Suppose that K G Bimod*(^), H = (K A ) X = (K u ^) i - and \i = tt k \ H . Then 
(/z, H) G SB(£/(A)). For any £ G Vk(F, /3), we have £ = P$(£) + 77 where rj E H. Assume that 
e\\r]\\ > f3 and put Q := r//||r/||. As 

IM«)C-CII = hK(v)i-i\\/H\ < p/\\v\\ < e (v G F), 

we have £ G V^(P, e). Hence by the hypothesis, if contains a non-zero /^-invariant vector which 
contradicts the definition of H. Therefore, we must have \\rj\\ < j3/e and hence ||£ — Pj£(0|| < a - 
□ 



Remark 6.4 (ty Let $'Bo(U(A)) = {(fi,H) G Rep(C/(A)) : (fi,H) < (tpk.IK)}. T/ien using the 
same argument, one can show that a similar statement as Theorem \6.3\( b) holds when SH(U(A)) 
is replaced by $Ho(U(A)). 

(b) Note that in the proof for (i) => (ii) in Theorem \ 6.3\f b). we only need the existence of a 
strong Kazhdan's pair for (A, A, 1/2). 



References 

[1] C. Anantharaman-Delaroche, On Connes' property (T) for von Neumann algebras, Math. 
Japon. 32 (1987), 337-355. 

[2] M.B. Bekka, Kazhdan's property (T) for the unitary group of a separable Hilbert space, 
Geom. Funct. Anal. 13 (2003), 509-520. 

[3] M.B. Bekka, Property (T) for C*-algebras, Bull. London Math. Soc. 38 (2006) 857-867. 

[4] M.B. Bekka and A. Valette, Kazhdan's property (T) and amenable representations, Math. 
Z. 212 (1993), 293-299. 



16 



[5] N.P. Brown, Kazhdan's property (T) and C*-algebras, Journal of Functional Analysis 240 
(2006) 290-296. 

[6] A. Connes, Classification des facteurs, Operator algebras and applications, Part 2 
(Kingston, Ont, 1980), Proc. Sympos. Pure Math. 38 (1982), 43-109. 

[7] A. Connes and V. Jones, Property (T) for von Neumann algebras, Bull. Lond. Math. Soc. 
17 (1985), 57-62. 

[8] P. de la Harpe and A. Valette, La propriete (T) de Kazhdan pour les groupes localement 
compacts, Asterisque 175 (1989). 

[9] P. Jolissaint, Property T for discrete groups in terms of their regular representation, Math. 
Ann. 297 (1993), 539-551. 

[10] P. Jolissaint, On Property (T) for Pairs of Topological Groups, Enseign. Math. (2) 51 

(2005) , 31-45. 

[11] D. Kazhdan, Connection of the dual space of a group with the structure of its closed 
subgroups, Funct. Anal. Appl. 1 (1967), 63-65. 

[12] G. Margulis, Finitely-additive invariant measures on Euclidean spaces, Erg. Th. and Dyn. 
Sys. 2 (1982), 383-396. 

[13] G. Murphy, C* -algebras and operator theory, Academic Press, Boston MA, (1990). 

[14] A.L.T. Paterson, Nuclear C*-algebras have amenable unitary groups, Proc. Amer. Math. 
Soc. 114 (1992), 719-721. 

[15] S. Popa, On a class of type Hi factors with Betti numbers invariants, Ann. of Math. 163 

(2006) , 809-899. 

[16] A. Valette, Old and new about Kazhdan's property (T), Pitman research notes in Mathe- 
matics series. Longman, vol.311 (1994), 271-333. 

Chi-Wai Leung, Department of Mathematics, The Chinese University of Hong Kong, Hong 
Kong. 

Email address: cwleung@math.cuhk.edu.hk 

Chi-Keung Ng, Chern Institute of Mathematics and LPMC, Nankai University, Tianjin 300071, 
China. 

Email address: ckng@nankai.edu.cn; ckngmath@hotmail.com 



17 



